ABSTRACT. In the present paper our aim is to explore some spectral properties of the family two-particle discrete Schrödinger operators
INTRODUCTION.
Some spectral properties of the two-particle Schrödinger operators are studied in [1, 3, 2, 4, 5, 7] .
The fundamental difference between multiparticle discrete and continuous Schrö-dinger operators is that in the discrete case the analogue of the Laplasian −∆ is not rotationally invariant.
Due to this fact, the Hamiltonian of a system does not separate into two parts, one relating to the center-of-motion and other one to the internal degrees of freedom. In particular, such a handy characteristics of inertia as mass is not available. Moreover, such a natural local substituter as the effective mass-tensor (of a ground state) depends on the quasi-momentum of the system and, in addition, it is only semi-additive (with respect to the partial order on the set of positive definite matrices). This is the so-called excess mass phenomenon for lattice systems (see, e.g., [10] and [11] ): the effective mass of the bound state of an N -particle system is greater than (but, in general, not equal to) the sum of the effective masses of the constituent quasi-particles.
The two-particle problem on lattices can be reduced to an effective one-particle problem by using the Gelfand transform instead: the underlying Hilbert space ℓ 2 ((Z d ) 2 ) is decomposed to a direct von Neumann integral, associated with the representation of the discrete group Z d by the shift operators on the lattice and then the total two-body Hamiltonian appears to be decomposable as well. In contrast to the continuous case, the corresponding fiber Hamiltonians h d (k) associated with the direct decomposition depend parametrically on the internal binding k, the quasi-momentum, which ranges over a cell of the dual lattice. As a consequence, due to the loss of the spherical symmetry of the problem, the spectra of the family h d (k) turn out to be rather sensitive to the variation of the quasi-momentum k,
For example, in [1, 5, 7] it is established that the discrete Schrödinger operator h 3 (k), with a zero-range attractive potential, for all non-zero values of the quasimomentum 0 = k ∈ T 3 , has a unique eigenvalue below the essential spectrum if h d (0) has a virtual level (see [1, 5] ) or an eigenvalue below its essential spectrum (see [7] ).
The similar result is obtained in [4] , which is the (variational) proof of existence of the discrete spectrum below the bottom of the essential spectrum of the fiber Hamiltonians h d (k) for all non-zero values of the quasi-momentum 0 = k ∈ T d , provided that the Hamiltonian h d (0) has either a virtual level (in dimensions of three and four) or a threshold eigenvalue (in all dimensions d ≥ 5). We emphasize that the authors of [4] considered more general class of two-particle discrete Hamiltonians interacting via a short-range pair potentials.
It is also worth to mention that two-particle discrete operator h 3 (k), for some values of the quasi-momentum k = 0 may generate a "rich" infinite discrete spectrum outside its essential spectrum and these eigenvalues accumulate at the edge of its essential spectrum (see [3] ).
In this paper, we explore the some spectral properties of some d-dimensional two-particle discrete Schrödinger operator
, k being the two-particle quasi-momentum (see (2.2)), corresponding to the energy operator H d of the system of two quantum particles moving on the d-dimensional lattice Z d with the short-range potential v. In the case k ∈ T d \ (−π, π) d , we establish necessary and sufficient conditions for existence of infinite number eigenvalues of the operator h d (k) (Theorem 3.4).
We now describe the organization of the present paper. In Sec. 2 describe the two-particle Hamiltonians in the coordinate representation, introduce the twoparticle quasi-momentum, and decompose the energy operator into the von Neumann direct integral of the fiber Hamiltonians h d (k), thus providing the reduction to the effective one-particle case
In Section 3 in case the particles have (no) equal masses we obtain the finiteness of the discrete spectrum of
that the Hamiltonian h d (0) has finite discrete spectrum (Theorem 3.2) and prove the main result of this paper, Theorem 3.4, in the case
In Appendix 3.2, for readers convenience, in the case
In order to facilitate a description of the content of this paper, we briefly introduce the notation used throughout this manuscript. Let Z d be the d-dimensional lattice and T d be the d-dimensional torus, the cube (−π, π] d with appropriately identified sides, d ≥ 1. We remark that the torus T d will always be considered as an abelian group with respect to the addition and multiplication by the real numbers regarded as operations on
THE DESCRIPTION OF THE TWO-PARTICLE OPERATOR
The free Hamiltonian H d 0 of two quantum particles on the d-dimensional lattice Z d usually associated with the following self-adjoint operator in the Hilbert space
with
where I d is the identical operator on ℓ 2 (Z d ), m 1 , m 2 > 0 are meaning of masses of particles and ∆ is standard discrete Laplasian:
that is,
Here T (y) is the shift operator by y ∈ Z d :
and e j , j = 1, . . . , d, is the unit vector along the j-th direction of Z d . [4] , [15] .
Remark 2.1. For more general definitions of discrete Laplasians see

Remark 2.2. Note that the free Hamiltonian
where
The last claim can be obtained by the Fourier transform F : 
The total Hamiltonian H d (in the coordinate representation) of the system of the two quantum particles moving on d-dimensional lattice Z d with the real-valued pair interaction V is a self-adjoint bounded operator in the Hilbert space
As we note above the Hamiltonian H d does not split into a sum of a center of mass and relative kinetic energy as in the continuous case using the center of mass and relative coordinates.
Using the direct von Neumann integral decomposition the two-particle problem on lattices can be reduced to an effective one-particle problem. Here we shortly recall some results of [15] related to direct integral decomposition.
The energy operator H d is obviously commutable with the group of translations
Consequently, we can decompose the Hilbert space ℓ 2 ((Z d ) 2 ) in a diagonal for the operator H d direct integral whose fiber is parameterized by k ∈ T d and consists of functions on ℓ 2 ((Z d ) 2 ) satisfying the condition
Here the parameter k is naturally interpreted as the total quasi-momentum of the two-particles and is called the two-particle quasi-momentum.
More precisely, let us introduce the mapping F :
Remark that F is the unitary mapping of the space
It follows thatĤ
Remark 2.3. Note that the operator
h d 0 (k), k ∈ T d , also
is a multi-dimensional Laurent-Toeplitz type operator defined by
where ε(·) is defined by (2.1).
Clearly, the operator V commutes with {U s } s∈Z d . As a result F V F * acts in
Consequently, the operatorĤ
where v is the multiplication operator by the function
This procedure is quite similar to the "separation" of motion of the center of mass for dispersive Hamiltonian in the continuous case. However, in this case the role of Z d and T d was played by R d .
The form (2.2) for h d (k) shows that the two-particle problem to be reduced to an effective one-particle problem.
For any l, l ∈ N d = {1, . . . , d}, let A d l be the family of all ordered set α = {α 1 , . . . , α l } ⊂ N d , andᾱ be the complement of α ∈ A d l with respect to the set
Let be Z l (α) ⊂ Z d be the lattice with the basis { e j }, j ∈ α. Of course Z l (α) is isomorphic to the abelian group Z l and
In order to get the main results of the paper we assume the following technical hypotheses that guarantee the finiteness of the discrete spectrum of the operator h d (0), corresponding to the zero value of the quasi-momentum k, and the compactness of the interaction v.
Hypothesis 2.4. Here and further with regard to the function v(·) it is assumed that:
(A) lim x→∞ v(x) = 0; (B) for any l ∈ N d−1 , α ∈ A d l , x ∈ Z l (α) the potentialṽ,
corresponding to the restrictionṽ(·) of the function v(·) on the set Z d−l
x (ᾱ), do not produce infinite discrete spectrum for the operator
Remark 2.5. The real valued function v(·), being exponentially decreasing function, satisfies Hypothesis 2.4.
THE FORMULATION AND PROOF OF THE MAIN RESULTS
Under the Fourier transform F :
andv is the integral operator of convolution type:
Herev(·) is the Fourier series with the Fourier coefficients v(s), s ∈ Z d . Under assumption (A) of Hypothesis 2.4 the perturbation v of the operator
, is a Hilbert-Schmidt operator and, therefore, according to the Weil theorem, the essential spectrum of the operator h d (k) fills in the following interval on the real axis:
The function E k (p) can be rewritten in the form
where the coefficients r(k (j) ) and p(k (j) ) are given by
The equality (3.1) implies the following representation for E k (·):
where p(k) is the vector-function 
is the shift operator on T d and A(k) = 0. Using the inequality (3.3) one can get the inequalities
Consequently, we obtain (3.4)
since U * k vU k = v. Now we define a unitary staggering transformation U (see [7] ), which plays a key role in understanding the relation between the parts of the discrete spectrum σ disc (h d (k)) lying below and above
The transformation U has the important intertwining property To get oriented, let us recall some results and facts relevant to our discussion. In one-and two-dimensional case the following slightly changed form of Theorem 4.5 in [6] hold and its proof is omitted.
Theorem 3.3. Assume Hypothesis 2.4 and
This is connected to the fact that the discrete and continuous one-particle Schrödinger operators in one and two dimensions always have a bound state for nontrivial potentials (see relevant discussions [2] , [3] and [8] , [9] , [13] ).
In three and upper dimensional case for the potentials satisfying Hypothesis 2.4 in d ≥ 3-dimensional case two-particle discrete Schrödinger operators h d (k), has only finite number of eigenvalues outside the essential spectrum. Moreover, for sufficiently small potentials, the corresponding operator need not have bound states (see [3] ).
This fact follows from the uniformly boundedness of the norm of the Birman-
, near the bottom of the essential spectrum of h d (k). Moreover, in this case the discrete spectrum σ disc (h d (k)) of h d (k) is empty, since for sufficiently small potentials the norm of the Birman-Schwinger operator G(k, z), z < E min (k), is small near the bottom of the essential spectrum of h d (k).
3.2.
Case A(k) = 0. The equality A(k) = 0 implies this equality m 1 = m 2 and
, and n ∈ N we say the set
is the d−1 resp. d−l dimensional lattice strip on Z d , along direction corresponding to {j} resp.ᾱ. Define
the subset (the lattice cube with side n) of Z l (α).
One can check that for any
and in particular case l = d the equality Π d−l n (α) = X n (α) holds and Π d−l n (α) is the lattice cube with side n in Z d .
Theorem 3.4. Assume Hypothesis 2.4. The for any
has an infinite number of eigenvalues outside of the essential spectrum if and only if for any n ∈ N the relation
has a finite number of eigenvalues outside of the essential spectrum.
Proof. To be simplicity we takeᾱ = {1, . . . , d − l}, α = {d − l + 1, . . . , d} and we use notationsk = (k (1) , . . . ,
. This isomorphism is established with the restriction
of the isometric operator P :
Using the last equality it is easy to see that the Hilbert space
Schrödinger operator corresponding to the Hamiltonian of a system of two identical particles moving on Z d−l and interacting short-range attractive potential vx, being multiplication operator by the restriction vx(·), vx :
with the potential vx,x ∈ Z l :
Since (3.5) and h d−l 0 (k) does not depend on x and vx is a compact operator for the essential spectrum of h d (k) we get
and hence So by (3.8) the equality ♯σ disc h d (k) = ∞ holds iff for any n ∈ N there existŝ x ∈ X n (α) such that vx = 0, that is suppv does not belong in
has no the infinite number of eigenvalues outside of the essential spectrum.
By virtue Hypothesis 2.4 for any ǫ > 0 there exists n ∈ N 1 such that for all x ∈ −n≤x≤n Z d i,x the inequality |v(x)| < ǫ holds. Then from the discussed facts relating to the emptiness of the (three and upper dimensional ) two-particle discrete operators there exists n ∈ N 1 such that for all x ∈ Z d (α) \ X d−l n (α) the discrete spectr σ disc (h d−l
x (k)) is empty. Hence This result can resemble with the result established in [12] . The authors of this paper provided an elemantary proof that negative potential lead to infinite discrete spectrum for the perturbation of Hamiltonian whose Fourier symbol attains its minimal value on n − 1 dimensional manifold of R n .
APPENDIX A. EXAMPLE OF THE INFINITENESS OF THE DISCRETE SPECTRUM
The main goal of this appendix is to show that in the case k ∈ T d \ (−π, π) d the infiniteness of the discrete spectrum depends on the direction α ∈ A d l .
Example A.1. Let d = 2 and v(x) = e −|x (1) | , x ∈ Z 1 × {0} 0, otherwise.
Then for α = {1} ∈ A 2 1 , n ∈ N 1 , we have Π Then by theorem for any k ∈ M 2 1 ({1}) the operator h d (k) has a infinite number of eigenvalues outside of the essential spectrum, but for k ∈ M 2 2 ({2}) it has no infinite discrete spectrum.
